Abstract. A note is made on the connection between Cli ord analysis and the Weyl functional calculus for an n-tuple of bounded selfadjoint operators which do not necessarily commute with each other.
Introduction.
The spectral theorem for a selfadjoint operator T acting on a Hilbert space H facilitates the expression of a function f(T) of T in terms of an integral f(T) = R (A) f( ) dP( ) with respect to a spectral measure P. In general, no such representation is possible for an n-tuple A = (A 1 ; : : :; A n ) of non-commuting bounded selfadjoint operators acting on a Hilbert space H. Nevertheless, the Weyl functional calculus f 7 ! f W (A) for A is a means of constructing functions f W (A) of the system A of operators, for suitable smooth functions f de ned on R n . It was proposed by H. Weyl for the pair (P; Q) of unbounded self adjoint operators, where P is the momentum operator and Q is the position operator in quantum mechanics. For the case n = 2, the function x 1 x 2 : (x 1 ; x 2 ) 7 ! x 1 x 2 , for all x 1 ; x 2 2 R, belongs to the domain of the Weyl functional calculus and (x 1 x 2 ) W (A) = 1 2 (A 1 A 2 + A 2 A 1 ). In general, polynomials on R n are mapped by the Weyl functional calculus into the corresponding polynomials in the n-tuple A of operators, but with products suitably symmetrised.
A similar phenomenon emerges in Cli ord analysis. A monogenic function f de ned on R n+1 , and with values in a nite dimensional Cli ord algebra, is a function lying in the kernel of the Dirac operator | a higher dimensional analogue of the Cauchy-Riemann equations. Every analytic function in n real variables has a unique monogenic extension to R n+1 . The monogenic extensions z 1 and z 2 of the functions x 1 : (x 1 ; : : :; x n ) 7 ! x 1 and x 2 : (x 1 ; : : :; x n ) 7 ! x 2 , respectively, are easily written down. It turns out that for n = 2, the monogenic extension of the real valued function x 1 x 2 to R 3 is 1 2 (z 1 z 2 + z 2 z 1 ), and, in general, the monogenic extension of polynomials on R n are the corresponding polynomials in the n-tuple (z 1 ; : : :; z n ) of monogenic functions, but with products suitably symmetrised. The purpose of the present note is to elaborate on this formal similarity between the Weyl and Cli ord calculi.
The present work may be formulated in terms of hermitian operators acting on a Banach space in place of selfadjoint operators on a Hilbert space, along the lines 2 BRIAN JEFFERIES, ALAN MCINTOSH of A1], or in terms of bounded operators on a Banach space satisfying a growth condition, as in MP, Condition 8.1]. However, the essential features are already present in the selfadjoint case addressed here.
At one point in section 5, some facts concerning the integration of vector valued The basic notions of Cli ord algebras are outlined in section 2. Notation concerning Banach modules and Banach module homomorphisms is introduced in section 3. General information concerning Cli ord analysis is presented in section 4. The connection between the Weyl and the Cli ord calculi appeals to Theorem 5.4 of section 5, which is actually proved not just for the Weyl functional calculus, but for any operator valued distribution with compact support. In section 6, we identify the complement of the support of the Weyl functional calculus for an n-tuple A of selfadjoints with a certain`resolvent set' where the Cauchy kernel for A is monogenic. Similar ideas have been advanced by V. Kisil K] , but Example 6.3 shows that the domain of monogenicity of the Cauchy kernel for a pair T of Pauli matrices cannot be calculated in the fashion of K, De nition 3.1], so K, formulae (9), (10)] as they stand are incorrect with the spectrum (T) de ned in K, De nition 3.1].
2. Clifford algebras.
Let F be either the eld R of real numbers or the eld C of complex numbers. The Cli ord algebra F (n) over F is a 2 n -dimensional algebra with unit de ned as follows. Given the standard basis vectors e 0 ; e 1 ; : : :; e n of the vector space F n+1 , the basis vectors e S of F (n) are indexed by all nite subsets S of f1; 2; : : :; ng. The basis vectors are determined by the following rules for multiplication on F (n) : e 0 = 1; e 2 j = ?1; for 1 j n e j e k = ?e k e j = e fj;kg ; for 1 j < k n e j 1 e j 2 e j s = e S ; if 1 j 1 < j 2 < < j s n and S = fj 1 ; : : :; j s g:
Here the identi cations e 0 = e ; and e j = e fjg for 1 j n have been made. The product of two elements u = P S u S e S ; u S 2 F and v = P S v S e S ; v S 2 F is uv = P S;R u S v R e S e R . According to the rules for multiplication, e S e R is 1 times a basis vector of F (n) . The scalar part of u = P S u S e S ; u S 2 F is the term u ; , also denoted as u 0 .
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The Cli ord algebras R (0) ; R (1) and R (2) are the real, complex numbers and the quaternions, respectively.
The conjugate e S of a basis element e S is de ned so that e S e S = e S e S = 1.
Denote the complex conjugate of a number c 2 F by c. Suppose that m n are positive integers. The vector space R m is identi ed with a subspace of F (n) by virtue of the embedding (x 1 ; : : :; x m ) 7 ! P m j=1 x j e j .
On writing the coordinates of x 2 R n+1 as x = (x 0 ; x 1 ; : : :; x n ), the space R n+1 is identi ed with a subspace of F (n) with the embedding (x 0 ; x 1 ; : : :; x n ) 7 ! P n j=0 x j e j . The algebraic tensor product X (n) = X F (n) of a Banach space X over F with F (n) is a Banach module. Elements of X (n) may be viewed as nite sums u = P S x S e S of tensor products of elements x S of X with basis vectors e S of F (n) . Multiplication in X (n) by elements of the Cli ord algebra F (n) is de ned by u = P S x S (e S ) and u = P S x S ( e S ). The tensor product notation x S e S is written simply as x S e S . The norm on X (n) is taken to be kuk = ?P S kx S k 2 X 1=2 . The analogous procedure applies to a locally convex space E to de ne the module E (n) with its induced locally convex topology. If E and F are two locally convex spaces, then the spaces ? L(E; F) (n) and L (n) (E (n) ; F (n) ) are identi ed by de ning the operation of T = P S T S e S on u = P S u S e S as T(u) = P S;S 0 T S (u S 0)e S e S 0. Given x 2 E and 2 F 0 , the element hTx; i 2 F (n) is de ned for each T = P S T S e S belonging to L (n) (E (n) ; F (n) ) by hTx; i = P S hT S x; ie S 4. Clifford analysis.
What is usually called Cli ord analysis is the study of functions of nitely many real variables, which take values in a Cli ord algebra, and which satisfy higher dimensional analogues of the Cauchy-Riemann equations.
A function f : R n+1 ! F (n) has a unique representation f = P S f S e S in terms of F-valued functions f S ; S f1; : : :; ng in the sense that f(x) = P S f S (x)e S for all x 2 R n+1 . Then f is continuous, di erentiable and so on, in the normed space F (n) , if and only if for all nite subsets S of f1; : : :; ng, its scalar component functions f S have the corresponding property. Let @ j be the operator of di erentiation of a scalar function in the j'th coordinate in R n+1 |the coordinates of x 2 R n+1 are written as x = (x 0 ; x 1 ; : : :; x n ). For a continuously differentiable function f : R n+1 ! F (n) with f = P S f S e S , the function Df is de ned by setting Df = P S @ 0 f S e S + P n j=1 @ j f S e j e S and fD is speci ed by fD = P S @ 0 f S e S + P n j=1 @ j f S e S e j . Now suppose that f is an F (n) -valued, continuously di erentiable function dened in a neighbourhood of an open subset U of R n+1 . Then f is said to be left monogenic in U if Df(x) = 0 for all x 2 U and right monogenic in U if fD(x) = 0 for all x 2 U. A function which is both left and right monogenic is simply said to be monogenic.
For each z 2 R n+1 , the function G z de ned by G z (x) = 1= n jz ? xj ?n?1 (z ? x), for each x 6 = z is monogenic. Here the volume of the unit n-sphere in R n+1 has been denoted by n and we have used the identi cation of R n+1 with a subspace of R (n) mentioned in section 2.
The function G z ; z 2 R n+1 plays a special role in Cli ord analysis. Suppose For every 2 R n , hA; i = h ; Ai denotes the selfadjoint operator P n j=1 A j j .
The operator e ihA; i is therefore unitary for each 2 R n . The Fourier transformf of a function f integrable over R n is de ned byf( ) = (2 ) ?n=2 R R n e ?ihx; i f(x) dx for all 2 R n . The integral f W (A) = (2 ) ?n=2 R R n e ihA; if ( ) d is an operator valued Bochner integral for each function f belonging to the space S(R n ) of rapidly decreasing functions on R n . Then the mapping f 7 ! f W (A), for all f 2 S(R n ) is the Weyl functional calculus for the n-tuple A of selfadjoint operators.
The set R n is identi ed with the subspace fx 2 R n+1 : x 0 = 0g of R n+1 . It turns out that there exists a unique operator valued distribution W A : f 7 ! f W (A), f 2 C 1 (R n ) de ned over the test function space C 1 (R n ) of all in nitely di erentiable functions, such that the restriction of W A to S(R n ) is the Weyl calculus for A. The support of this distribution is contained in the closed unit ball in R n centred at zero and with radius P n j=1 kA j k 2 1=2 T, Theorem 1].
Suppose that U is an open neighbourhood of the support of W A in R n . There is no harm if we also call the distribution W A : f 7 ! f W (A) over C 1 (U) the Weyl functional calculus for A. Less transparently, perhaps, the algebraic tensor product and C 1 (V ) (n) is the locally convex module obtained by tensoring the locally convex space C 1 (V ) with F (n) , as mentioned in section 3. The mapping W A : C 1 (V ) ! L(H) is de ned by applying W A to the restriction of functions f 2 C 1 (V ) to the open subset V \ R n of R n . The map W A : C 1 (V ) (n) ! L (n) (H (n) ) is a module homomorphism. The symbols W A (f) and f W (A) are used interchangeably. Let X be a Banach space. A sequence ff k g 1 k=1 of X-valued functions f k : ! X converges normally in X if there exists a summable sequence fM k g 1 k=1 of nonnegative real numbers M k such that kf k (!)k M k , for all ! 2 and all k = 1; 2; : : : . Thus, a normally summable sequence ff k g 1 k=1 of X-valued functions 6 BRIAN JEFFERIES, ALAN MCINTOSH on is absolutely and uniformly summable on .
Suppose that f is an analytic F-valued function de ned on an open neighbourhood of zero in of R n and the Taylor series of f is given by (1) f ( is over the set f1 l 1 l k ng, and for (l 1 ; : : :; l k ) 2 f1; 2; : : :; ng k , the function V l 1 :::l k : R n+1 ! F (n) is de ned as follows. For each j = 1; : : :; n, the monogenic extension of the function x j : x 7 ! x j ; x 2 R n is given by z j : x 7 ! x j e 0 ? x 0 e j ; x 2 R n+1 . Then V 0 (x) = e 0 ; x 2 R n+1 and V l 1 :::l k = 1=k! P j 1 ;:::;j k z j 1 z j k ; where the sum is over all distinguishable permutations of all of (l 1 ; : : :; l k ); and products are in the sense of pointwise multiplication in F (n) . Iff is monogenic in the open ball B R (0) of radius R about zero in R n+1 , then (2) Here S t = fx 2 R 3 : jxj = tg is the sphere of radius t > 0 centred at zero in R 3 , 1 is the unit surface measure on S 1 and n(x) is the outward unit normal at x 2 S 1 . Thus, supp W J = S 1 .
For all ! 2 R 4 such that ! = 2 S 1 R 3 , W J (G ! ) 2 L (3) (C 2 (3) ) is given by
Let v 1 ; v 2 be the standard basis vectors of C 2 . For each x 0 2 R, the function (x; t) 7 ! W tJ (G (x+x 0 e 0 ) )v j is the solution of the Weyl equation @ t u t = ?J ru t ; t > 0 with initial datum u 0 (x) = ?v j G 0 (x + x 0 e 0 ) = 1= 3 v j (x 0 e 0 ? x)=jx + x 0 e 0 j 4 for all x 2 R 3 ; x + x 0 e 0 6 = 0. The function ! 7 ! W tJ (G ! )v j is monogenic on the set R 4 n S t .
The following statements are formulated in a context more general than that of the Weyl functional calculus.
Suppose that H is a Hilbert space over the eld F and T : C 1 (R n ) ! L(H) is a distribution with compact support K. We use the same symbol T to denote the map which sends the element f = P S f S e S of C 1 (K) (n) to the element P S T(f S )e S of L (n) (H (n) ), rather than the more descriptive notation T I (n) . In particular, T(f) 2 L (n) (H (n) ) is de ned for all f 2 M(K; F (n) ). 5.2 Proposition. Let U be an open subset of R n+1 containing K = supp T. Suppose that z 7 ! F z is a continuous map from U nK into C 1 (K) (n) . If for each open set V with V U n K, there exists a neighbourhood N V of K, such that for each x 2 N V , the F (n) -valued function z 7 ! F z (x) is monogenic in V , then z 7 ! T(F z ) is monogenic in U n K. 
Proof. We consider only the case where f is left monogenic. The case where g is right monogenic is similar. The space C 1 ( ) (n) of smooth F (n) -valued functions de ned on is a separable Fr echet space with the topology of uniform convergence of functions, and their derivatives, on compact subsets of . The continuous function ! 7 ! G ! n(!)f(!); ! 2 @ takes its values in C 1 ( ) (n) and satis es R @ p(G ! n(!))jf(!)j d (!) < 1 for each continuous seminorm p on C 1 ( ) (n) , that is, it is Bochner integrable in C 1 ( ) (n) .
By the Cauchy integral theorem mentioned in section 4, the equality
holds for all x belonging to the open set . Combining this equation with the observation made in the introduction, and the fact that the distribution T de nes a continuous linear map (denoted by the same symbol) from C 1 ( ) (n) into the space L (n) (H (n) ) with the uniform operator norm, it follows that the function ! 7 ! T(G ! )n(!)f(!); ! 2 @ is Bochner integrable in the space L (n) (H (n) ), with the uniform norm, and the equality
obtains 
